the waveguided plasmon-polariton modes of the metamaterial. We show that fluorescence properties in such finite-size metamaterial design behave differently from commonly studied infinite metamaterials or when the emitters are placed near the metamaterial interface. The emitters inside the metamaterial waveguide exhibit an almost 50-fold reduction of their lifetime, whereas a much smaller reduction (a factor of 2-3) is observed for emitters placed on top of the metamaterial. While in both cases the emission from the metamaterial can be radiated in the far field (up to 18% of the total emitted intensity, depending on the emitter position with respect to the nanorods), the coupling to waveguided modes of the metamaterial slab provide an efficient mean to shape the emission spectrum for each polarization. The considered geometry is ideal for designing integrated, fast optical sources for data communications, sensing or quantum photonic applications.
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Controlling the spontaneous emission of fluorescent emitters is of great interest for a wide range of applications ranging from biosensing and imaging, where the aim is to favorably modify the spectral properties of emitters in order to increase detection sensitivity, to quantum information processing, where the use of efficient single photon sources is needed. The Purcell effect (1) , which describes the modification of the spontaneous emission lifetime, has been investigated in many different material environments where the local density of electromagnetic states (LDOS), ( , ) , is modified at a frequency and a position of the emitter. This determines the spontaneous emission rate Γ( )~( , ) (2, 3) . In particular, structures such as photonic crystal cavities (4, 5) , micropillar resonators (6, 7) , plasmonic films, nanoparticles (8, 9) and waveguiding nanostructures (10) have been the subject of numerous studies in this context.
Hyperbolic metamaterials (11, 12) , with their specific isofrequency surfaces, have recently emerged at the forefront of the Purcell factor design (13) . These strongly anisotropic metamaterials can be described by an effective permittivity tensor having the real part of the diagonal components of opposite signs. In contrast with isotropic materials or anisotropic metamaterials operating in the elliptic regime of dispersion, hyperbolic metamaterials exhibit open isofrequency surfaces. This leads to the presence of high wavevectors of supported electromagnetic modes and high density of electromagnetic states, to which the radiation of an excited emitter can couple, dramatically influencing the process of spontaneous emission.
Hyperbolic metamaterials can either be realized as metal-dielectric multilayers (14), aligned nanorod assemblies (15, 16) , or natural van-der-Waals bonded polar materials (17) . To date, several experimental studies involving hyperbolic metamaterials which incorporate dyedoped dielectric layers (18) (19) (20) , emitters on multilayers (21) or nanorod-based metamaterials (22) as well as theoretical studies of emitters near (23) (24) or inside (25) (26) the metamaterial, particularly revealing the presence of a self-induced torque acting on the emitter (27) , have been reported. The inexpensive, straightforward, and scalable fabrication of nanorod-based hyperbolic metamaterials using a self-assembled approach (28) combined with the ability to tune their geometrical properties (diameter, length and material of the nanorods as well as separation between) allow their electromagnetic properties to be tailored in a wide spectral range. This geometry also provides significant advantages with regard to incorporating molecular emitters inside the metamaterial.
While most of the previous studies were focused on the effect of the material environment on free-space-radiated emission, in many applications, it is guided light that is important to provide the capability for photonic integration of such novel light sources, e.g., single-photon light sources.
The previous experimental and theoretical studies are dominantly limited to "bulk" metamaterials, i.e., "infinitely" thick, so that no significant interaction between the slab boundaries occurs due to propagation losses, and effects related to waveguided or cavity modes are either not present or suppressed. In this paper, we experimentally investigate the spontaneous emission of various dyes inside a metamaterial-based planar waveguide of finite thickness (29) . It is shown that the structure of the guided modes plays a significant role in determining the spontaneous emission properties.
The spectrum and lifetime of the emission can be controlled separately for TM and TE polarizations by coupling to different modes of the waveguide.
Results and Discussion.
Mode structure of the metamaterial waveguide. The metamaterial studied here consists of an array of gold nanorods (approximately 38 nm in diameter, 150 nm in length, with 80 nm spacing) embedded in a dye-doped PMMA matrix (see Methods section for the details of the fabrication).
The anisotropic behaviour of this type of metamaterial can be described within a local effective medium theory (EMT) using the Maxwell-Garnett approximation (see Methods section). The extinction spectra of the metamaterial are typical of nanorod-based metamaterials with the presence of an epsilon-near-zero (ENZ) range around the effective plasma frequency of the metamaterial (2.08 eV in this instance, corresponding to 596 nm wavelength) which is the onset of the hyperbolic dispersion regime (Figure 1a The PL spectra on glass and near the normal detection are normalised to 1, the PL spectra at higher angles of detection are normalised to the maximum intensity measured at 5 o .
Photoluminescence coupled to the metamaterial mode. The measured angular dispersion of the TM-polarized photoluminescence follows the dispersion of the TM waveguided mode (Figure 3a ), indicating that the emission is predominantly coupled into this mode. A 2.5 times stronger PL intensity coupled to the mode is observed with regard to the emission scattered directly into free space, despite the additional losses associated with the waveguiding of bulk plasmon-polaritons in the metamaterial slab. A significant red-shift of the emission maximum is also observed with respect to the emission of LD700 in a bare polymer matrix (without the metamaterial) ( Figure 3b ).
This shift is consistent with the dispersion profile of the guided mode and is determined by the overlap of the density of photonic states associated with the mode, the dipolar emission spectrum of the fluorophores inside the metamaterial layer, and their spatial distribution inside the nanorod array. Even higher emission enhancements can in principle be achieved by further adjusting the waveguide dispersion to the emission spectrum of the fluorophores, which can be done by carefully varying the thickness of the metamaterial waveguide. Similarly to the TM-polarized PL, the TEpolarized PL follows the dispersion of the TE waveguided mode. The intensity increase is however lower than for the TM-polarized waveguided emission (Figures 3c,d ). It should be noted that the high relative intensity increase in Figure 3c can be seen at the wavelengths away from the emission peak in the polymer matrix, which corresponds to the wavelength range where the overall PL intensity is very low (Figure 3d ), causing a high relative enhancement.
Time-resolved photoluminescence. The time-resolved photoluminescence of several emitters with PL emission inside and outside the wavelength range of the bulk plasmon-polariton modes were studied (Figure 2a,b) . The contribution of all optical modes available for the emitters to decay was measured, collecting all the emission angles up to the numerical aperture of the objective used (see Methods section). While for the emitters in a polymer film on glass, mono-exponential decays of the fluorescence is observed, for emitters placed inside metamaterials, the PL decay is more complex (Figure 4a ,c). This is consistent with a distance and polarization dependent distribution of the emitters within the metamaterial with respect to the nanorods, leading to a distribution of the spontaneous decay rates (13) and, thus, multi-exponential decays of the observed PL. In order to analyse the decay properties, an inverse Laplace transform-based analysis was performed to extract the distribution of the lifetimes without any initial assumptions (30) (See Methods section). While the different dyes exhibit fluorescence lifetimes comprised between 2 and 3 ns when embedded in a uniform polymer matrix (Figure 4a,b) , strongly modified decay rates have been observed for all emitters when constrained by the metamaterial (Figure 4c,d) . The lifetime distributions, determined by the emitters' positions within the metamaterial, may also be strongly influenced by its nonlocal response (31) . Indeed, such nanorod-based metamaterials support, on a microscopic level beyond the effective medium approximation, cylindrical surface plasmons close to the emission wavelengths of the dyes in both the elliptic and hyperbolic regime (32, 33) . In this case, emitters placed in the nanorod vicinity will experience a strong enhancement of spontaneous emission (13) as observed in Figure 5 . For the emitters in the metamaterial environment, two distinct families of lifetimes are observed (Figure 4d) , one corresponding to the lifetime reduction of 2-3 times and the other with a broad distribution which corresponds to the strongest decay rate reduction by almost 50 times ( Figure 5b) . By comparing the experimental results to numerical simulations, these two families of lifetimes can be ascribed to the emitters situated in a polymer layer above the metamaterial (weak decay rate modification) and within the metamaterial (strong decay rate modification).
Numerical modelling confirms a strong position dependence of the spontaneous emission rate with respect to the nanorod in both lateral direction (xy-directions) as well as with respect to the surface of the metamaterial waveguide (z-direction). This is illustrated by the simulated power flow along the waveguide for the emitters at different positions within the waveguide. In particular, the efficient coupling to the TM1 mode, observed experimentally (Figure 3a,b) , is confirmed by the simulations (Figure 5d ). In a good correspondence between simulations and experiment, the TM mode is narrower and TE mode is much broader. As expected, the most efficient coupling to TE and TM modes is achieved for emitters at different positions in the metamaterial slab as it strongly depends on the emitter position with respect to both the mode profile and the nanorods (Figure   5c ,d).
The fluorescence processes inside the nanostructured composite have a complex nature.
Emitters situated inside metamaterials are always influenced by the near-field of adjacent nanorods where the electromagnetic field is dominated by high-wavevector components (16) . In this case, a conventional EMT theory, which does not account for internal local fields, is not applicable, and the interaction of the near-field with the exact nanorod geometry needs to be considered. It should be noted, however, that the extension of EMT to take into account the nonlocal effects, allows a partial description of local plasmonic fields and thus related fluorescence processes (31, 32) . At certain wavelengths, this near-field-mediated emission may then be coupled to a set of the metamaterial slab modes (13, 29) . These modes can be adequately described both by the EMT and in the microscopic model of the nanorod composite and describe the fluorescence evolution in the far-field of the emitter and its outcoupling to free-space.
The Figure 5a) . The difference in the experimentally observed coupling efficiencies in the TE and TM modes ( Fig. 3b,d ) are in good agreement with the modelling estimations.
The free space emission following outcoupling of the modes in the substrate and superstrate, integrated over all angles in glass and in PMMA, amounts to 5-16% of the intensity emitted by the dipole in the slab. For example, for the wavelength of 670 nm, 8% of the total emission is outcoupled in the superstrate and 5% in the substrate for the dipole in the centre of the unit cell (purple dipole in left panel of Figure 5a ). The remaining energy is coupled to the metamaterial modes and eventually dissipated. At the same time for dipoles diagonally located inside the metamaterial (green dipole in left panel of Figure 5a ), the outcoupling efficiency to free space is only 1-6%, depending on the emission wavelength, as the quenching is higher for these emitter positions, since they are located closer to the nanorods.
Similarly, for the emitters outside, but in the near-field proximity of the metamaterial slab (dark blue dipole in left panel of Figure 5a ), free-space radiation accounts for 10-18% of the total radiation depending on the wavelength, with, for a wavelength of 670nm, 8% of the total emission directed in the superstrate and 7% in the substrate primarily via the metamaterial mode.
The rest of the emission is coupled to truly-waveguided metamaterial modes which are not coupled to superstrate and dissipated. For emitters situated above individual rods (light blue dipole in left panel of Figure 5a ), the coupling to free-space radiation corresponds to 4-10% depending on the wavelength; for example, at a wavelength of 670 nm, 4% emitted in the superstrate where the emitters are located and 3% in the substrate. Therefore, the far-field emission efficiency is not strongly dependent upon whether emitters are place inside or outside the metamaterial since the high density of optical states ensures significant emission radiation in the waveguided metamaterial modes.
These observations also confirm that the mode structure of the metamaterial layer or resonators may have a more significant role in defining the waveguided or free-space emission intensity, while the decay rate enhancement effect is, to a large extent, determined by the local fields near the nanorods (26) . Thus, despite the high Purcell factor observed for certain emitters' locations, the overall emission intensity enhancement is moderate, due to the averaging over all the positions of the emitters inside the metamaterial. Nevertheless, in the experiments with precisely positioned single emitters, both strong reduction of the lifetime and increase of the total emitted intensity should be pronounced.
The survey of the experimental results on spontaneous emission control using hyperbolic metamaterials show that the emitters placed on top of a metal-dielectric multilayer or a nanorodbased metamaterial generally exhibit moderate enhancement of decay rates up to 6-(21) and 9fold (18), respectively, comparable to the results of the present work (up to 3-fold). In the case of nanopatterned multilayer metamaterials, allowing the emitters to be located "inside" the metamaterial and an optimised out-coupling of the emission to the far-field, strong enhancements of the decay rate and quantum efficiency of up to 76 and 80 times, respectively, have been reported (19) . Hyperbolic nanorod metamaterials, however, have the advantage of exhibiting broadband enhancement of decay rates, achievable over large surface areas thanks to their fabrication process.
In the nanorod metamaterial, the ultimate limit of the lifetime shortening is defined by the practical cut-off of the available modes with large wavevectors associated with cylindrical surface plasmons of the nanorods and their interaction as well as material losses (31) . Smaller separations and lower losses would allow higher-wavevector modes accepted by the metamaterial composite, and the practical limit is defined by the available fabrication methods. Other factors limiting the lifetime shortening are related to the emitters' positioning (31) and their non-negligible size (24) .
Effective quantum yield is another important consideration for spontaneous emission engineering in addition to the decay rate. Various plasmonic nanoantennas provide modest rate enhancements with reasonably good quantum yield but the emission is radiated in free space. For practical, integrated optics applications, the coupling to waveguided modes is beneficial, which can be achieved with the proposed approach. The propagation lengths of the TM hyperbolic waveguided modes in a plasmonic metamaterial are quite small due to the strong field confinement and are on the order of a few m depending on the wavelength, as estimated from numerical simulations, which corresponds to few 100s of nanorods. However, such metamaterial waveguides can be seamlessly integrated in low-loss (e.g., Si-based) waveguides (34) for making use of bright and fast light sources provided by high Purcell enhancement. The interplay between the emission rate increase, the quantum yield (influenced by non-radiative quenching), and coupling to a required waveguided mode strongly depends on the position of the emitters with respect to the nanorod forming the metamaterial as was shown in (31) and in this work.
Conclusion.
We have investigated spontaneous emission inside a hyperbolic metamaterial slab and showed the role of the waveguided modes of the metamaterial layer in this process. A very strong, almost 50fold, acceleration of the spontaneous decay has been observed for emitters inside the metamaterial slab, which is strongly position dependent. At the same time, only a weak rate modification (several times) was observed for the emitters in the proximity to the metamaterial waveguide interface. In both cases, up to approximately 18% of radiation, depending on the emitter position with respect to the nanorods, is coupled to far-field radiation in the substrate and the superstrate, with the remaining energy coupled to the true waveguided modes of the slab. The emission spectrum is also significantly modified due to the coupling to waveguided modes and is different for different emission polarizations. These results demonstrate the capability of such active hyperbolic metamaterials to exhibit highly tuneable electromagnetic properties for the design of integratable enhanced and fast light sources for various nanophotonic components, with the potential to enable the creation of highly integrated single-photon sources. The emission coupled to a metamaterial waveguide can be accessed by incorporating a metamaterial slab in or onto dielectric photonic waveguides, including Si photonic circuitry. Spontaneous emission modification inside hyperbolic metamaterial waveguides can also be implemented in other systems, such as metal-dielectric multilayers or natural hyperbolic materials, potentially allowing a more controllable positioning of the emitters inside the waveguide.
Methods.
Fabrication of metamaterial and dye deposition. The metamaterials were fabricated following the protocol described in Ref. 28 Fluorescence lifetime data analysis. Time-resolved PL decays were analysed using an inverse Laplace transform method (30) in order to extract the lifetime distributions of the emitters inside the metamaterial as well as in the polymer matrix. This method, which does not require any initial estimation of the lifetime distribution, is based on the solution of the equation
where ( ) is the measured time-resolved PL decay deconvoluted from the instrumental response function and ( ) is the relative weight of the exponential decay components. Due to the illdefined characters of such inverse methods, an iterative fitting procedure was adopted to obtain stable results. of Au nanorod metamaterials is determined by ( ) = 0 (29), separating the elliptic dispersion regime, where the metamaterial behaves as a strongly anisotropic dielectric, and the hyperbolic regime where the metamaterial can support bulk plasmon-polaritons due to its metallic and dielectric behaviour at the same wavelength but different polarizations of light. The modes of the planar waveguides were simulated via the transfer matrix method approach (29), taking into account the exact structure of the sample with a 10 nm Au underlayer and a 50 nm PMMA overlayer. It should be noted that while the local EMT can reasonably well predict far-field linear optical properties of a nanorod metamaterial (37) and waveguided modes (38) for not too low losses, the Purcell effect can be significantly influenced by the nonlocal response of the composite (31) . We used the EMT to describe only the waveguided mode structure. The full-vectorial numerical modelling was used for the simulations of spontaneous emission properties which depend on the local fields, not described by the local EMT. The nonlocal corrections for the waveguided modes considered in this work is estimated from comparison between the EMT and numerical simulations to be of the order of a few percent.
Numerical modeling. A finite element method (FEM, Comsol Multiphysics software) was employed for the numerical simulations of a dye molecule emission inside or in the vicinity of the nanorod array. The Purcell factor was determined as a ratio of power flow flux from a point dipole (emulating the dye emitter) placed at a given position inside or outside the metamaterial to the corresponding power flow for a dipole in uniform PMMA (39) . The Purcell factor and the emission into metamaterial modes were found to be significantly dependent on the dipole position and orientation, which is shown by the colour-coding of the lines and orientation labels in Figure 5 .
Two methods were used for the calculation of the power flow flux   F r : 1) the integration of the Poynting vector over a surface of a small sphere of a 5 nm radius enclosing the point dipole and 2) through the dipole energy dissipation rate ( ) = − 1 2 { * ⋅ ( )} ⁄ , where ( ) is the electric field of the dipole at the point of its location and is the dipole current. The results from both methods were found to be in excellent agreement. To take into account that the emitting dipole is arbitrary oriented, the power flow flux was calculated separately for dipoles directed along each of the coordinate axes, and the averaged value was calculated as         1 3 1 3 1 3
x y z F F F F       r r r r (40) . In order to simulate an infinite nanorod array, finite-size square arrays were modelled with their sizes gradually increased, while the convergence of the results was monitored. The simulation domain was surrounded by a set of perfectly matched layers ensuring the absence of reflections form the outer boundaries. The observed results revealed that a 10x10 nanorod array can be used to analyze the dye emission in an infinite metamaterial slab.
